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Abstract
Cubic interactions between the simplest mixed-symmetry gauge field and gravity are
constructed in anti-de Sitter (AdS) and flat backgrounds. Nonabelian cubic interactions
are obtained in AdS following various perturbative methods including the Fradkin–Vasiliev
construction, with and without Stu¨ckelberg fields. The action that features the maximal
number of Stu¨ckelberg fields can be considered in the flat limit without loss of physical
degrees of freedom. The resulting interactions in flat space are compared with a classification
of vertices obtained via the antifield cohomological perturbative method. It is shown that
the gauge algebra becomes abelian in the flat limit, in contrast to what happens for totally
symmetric gauge fields in AdS.
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1 Introduction
In the well-known papers [1,2], the gravitational interaction problem (as well as self-interactions)
for higher-spin gauge fields was solved at the first nontrivial order by going to a four-dimensional
(anti-)de Sitter (A)dS4 background. This solved a longstanding problem and showed the im-
portance of AdS backgrounds. Subsequently, these results led to the solution of the higher-spin
interaction problem to all orders in interactions at the level of field equations in the seminal
papers [3–5]. The results [1,2] and [3–5] concern higher-spin gauge fields which, when described
in the metric-like or Fronsdal formalism [6–9], are given by totally symmetric rank-s tensors1.
For a review of the key mechanisms of higher-spin extensions of gravity, see [20] while various
reviews on Vasiliev’s equations can be found in [21–23].
Mixed-symmetry gauge fields are neither totally symmetric nor totally antisymmetric (p-
forms) and have first been described at the Lagrangian level around flat background in [24–27].
For more recent works on mixed-symmetry fields in constantly curved background see [28–48]
and references therein.
As far as the problem of finding consistent interactions for mixed-symmetry gauge fields
is concerned, some analysis have been done in flat background [12, 14, 49–52], but in (A)dSd
background almost nothing has been achieved apart from the very recent work [53] (see also the
1For recent works on cubic couplings among totally symmetric fields see [10–19].
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earlier works [54,55]). In [56], the electromagnetic interactions of massive fields of the symmetry
type studied in this paper have been studied in the Stu¨ckelberg approach.
Generic irreducible mixed-symmetry gauge fields in AdSd are very different from their
Minkowskian counterparts [57] in that they possess only one differential gauge symmetry as-
sociated with a single irreducible gauge parameter; not several at the same time, like in flat
spacetime. Gauge fields in AdSd can be described within the Alkalaev–Shaynkman–Vasiliev
(ASV) approach [30] which is specific to AdSd and presents the advantage of being manifestly
AdSd -covariant with a minimal set of off-shell fields. However, the flat limit of the ASV formu-
lation is not smooth in the sense of non-conservation of dynamical degrees of freedom.
There is always, however, the possibility to reinstall all the differential gauge symmetries for
a generic mixed-symmetry gauge fields in AdSd at the price of adding extra fields, one for each
supplementary differential gauge parameter, which can be shifted to zero at will provided the
cosmological constant is nonvanishing [57], [41,42,45]. This is what we refer to as the Stu¨ckelberg
approach. Upon eliminating the extra fields of a Stu¨ckelberg formulation, one arrives in AdSd
at the ASV formulation.
It is the goal of the present paper to study in details the cubic gravitational interaction
problem in both flat and AdSd backgrounds for the simplest mixed-symmetry gauge field, i.e.
one that is described in the metric-like formalism by a potential whose Young symmetry is .
Such a field will here be called hook, or [2, 1]-type, gauge field.
We will treat the gravitational interactions of [2, 1]-type gauge field in AdSd using a modified
3
2 -order formalism and the Fradkin–Vasiliev approach. These techniques will be applied in turn
to the Stu¨ckelberg and ASV formulations. In flat spacetime, we will address the gravitational
interaction problem in the metric-like formalism and using the cohomological reformulation [58]
of the consistent deformation procedure [59].
The plan of the paper is as follows. After setting the notation and conventions, in Section 2
we review the methods of investigating cubic interactions. We recall in Section 3 some results
about the free [p, q]-type gauge field in Minkowski and (A)dSd backgrounds and give an off-shell
description of it in the frame-like Stu¨ckelberg and ASV formalisms. Section 4 addresses the
problem of cubic interactions in AdSd . In Section 4.1 we construct, from the Stu¨ckelberg vantage
point, consistent cubic gravitational interactions for the hook field in AdSd (where d > 4 ) which
contain the usual Lorentz-covariant minimal coupling terms plus a finite sum of non-minimal
terms, called “quasi-minimal” [15,20] in the context of totally symmetric gauge field in AdSd .
The Stu¨ckelberg action obtained therein allows a smooth flat limit. The full expressions for the
gauge transformations of the fields at the first nontrivial order are explicitly given. In Section
4.2 the Stu¨ckelberg formulation is treated using the Fradkin–Vasiliev construction. Then, in
Section 4.3 we study the gravitational interactions within the ASV formulation. We show that
it agrees with the results of Section 4.2 upon partial gauge fixing of the Stu¨ckelberg action. In
3
Section 5, using the cohomological reformulation of the No¨ther method [58, 60] and the results
previously obtained in [50–52], we give the exhaustive list of cubic vertices in flat background
corresponding to the set of fields used in Sections 4.1 and 4.2. We make contact with the flat
limit of the Stu¨ckelberg action. In particular, we confirm that there are no possible nonabelian
vertices in flat space. In other words, switching on a cosmological constant enables one to deform
an abelian cubic action into a nonabelian one, in sharp contrast to what happens for totally
symmetric gauge fields [15] where the nature of the gauge algebra is not changed when going
from AdSd to flat background. The conclusions are given Section 6. Finally, in Appendix A we
review the metric-like Stu¨ckelberg formulation for the free hook field in AdSd .
Notation and conventions
Base manifold indices, or world indices, are denoted by Greek letters µ, ν, . . . , while Lorentz
indices are denoted by lower-case Latin letters. The Lorentz algebra so(d−1, 1) is associated with
the metric ηab =diag(+,−, . . . ,−) where the indices a, b, . . . run over the values 0, 1, . . . , d− 1 .
A group of p totally antisymmetric Lorentz indices will be denoted by [a1a2 . . . ap] = a[p] .
Moreover, square brackets indicate total antisymmetrization involving the minimal number of
terms needed to achieve antisymmetrization. To further simplify the notation we will often use
conventions whereby like letters imply complete antisymmetrization, e.g. for φu[2]
∂uφuu ≡ ∂[uφuu] = ∂u1φu2u3 + ∂u2φu3u1 + ∂u3φu1u2 . (1.1)
The components of an irreducible gld tensor whose symmetry type consists of a Young dia-
gram with two columns, the first of length p and the second of length q , will be denoted ϕµ[p],ν[q] ,
p > q . The Young symmetry described above is abbreviated by ϕ ∼ [p, q] . The components
of a Lorentz tensor of type [p, q] are denoted by ϕa[p],b[q] . Note that, by abuse of notation,
we do not consider (anti) self-duality constraints on what we call Lorentz (or AdSd ) tensors
in d = 2n , so that a Lorentz tensor, in our conventions, only obeys over-(anti)symmetrization
and trace constraints. The torsion-free, Lorentz-connection on the base manifold is denoted by
the symbol D . In flat background, (D)2ξa = 0 for any vector ξa, whereas in AdSd one has
(D)2ξa = Λha ∧ hmξm, where Λ is a cosmological constant, Λ < 0 for AdSd , and haµ dxµ are
background vielbein one-forms. It is useful to set λ =
√|Λ|.
2 Cubic interactions
Generalities. Having a quadratic action S0[Φ] that is invariant under some abelian gauge
transformations δ0Φ as an input, one may look for interaction vertices by expanding the nonlinear
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corrections in powers of some formal coupling constant g
S = S0 + g S1 + ... δΦ = δ0Φ+ g δ1Φ+O(g2) . (2.1)
The consistency condition δS = 0 at the leading nontrivial order, which corresponds to cubic
vertices, implies that
δS1
δΦ
δ0Φ+
δS0
δΦ
δ1Φ = 0 . (2.2)
Noting that δS0
δΦ is the left-hand side of the linear equations of motion, one can rewrite (2.2) as
δS1
δΦ
δ0Φ
∣∣∣∣
δS0
δΦ
=0
= 0 (2.3)
which is much easier to solve in practice. Given some solution S1 , the expression for the gauge
transformations δ1Φ can be extracted from (2.2). In general δ1Φ has a complicated form and is
not needed for most purposes.
Auxiliary fields, 1st-, 3/2-formalisms. In the first-order formalism which is widely used
in higher-spin theory, there are auxiliary fields which we denote collectively by Ω . The auxiliary
fields Ω can be expressed, modulo gauge transformations, in terms of physical fields Φ . Splitting
(2.2) in terms of Φ and Ω gives
δS1
δΦ
δ0Φ+
δS1
δΩ
δ0Ω+
δS0
δΦ
δ1Φ+
δS0
δΩ
δ1Ω = 0 . (2.4)
On the one hand, one can use the 1st-order formalism treating both Φ and Ω as independent
fields. But this requires a lot of calculations including corrections to gauge transformations
of auxiliary field Ω , which often turn out to be the most complicated ones. Alternatively, in
frame-like formulation of gravity and supergravity there is the well-known 32 -order formalism
where one takes into account the variations of physical fields Φ only, all the calculations being
done on the solutions of the complete algebraic equations for the auxiliary field Ω[
δS1
δΦ
δ0Φ+
δS0
δΦ
δ1Φ
]
δ(S0+S1)
δΩ
=0
= 0 . (2.5)
The advantage is that there is no need to consider the corrections δ1Ω to the Ω gauge transfor-
mations. However, one has to solve non-linear equations for Ω and this can be highly nontrivial.
In Section 4.1 we use a modified 32 -order formalism very well suited for the investigations of
cubic vertices [
δS1
δΦ
δ0Φ+
δS1
δΩ
δ0Ω+
δS0
δΦ
δ1Φ
]
δS0
δΩ
=0
= 0 . (2.6)
Here also there is no need to consider δ1Ω and we have to make all calculations on the solutions
of free Ω field equations only. If one is not interested in δ1Φ , then the equation (2.3) can be
used to find S1 .
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Fradkin–Vasiliev cubic interactions, [2]. It is very convenient for the purpose of finding
interactions to reformulate a field theory in the unfolded form [61],
RA = 0, RA = dWA − FA(W ), FB ∂F
A
∂WB
≡ 0, (2.7)
so that (i) the fields WA form a set of differential forms of some degrees; (ii) all exterior
derivatives of fields are expressed in terms of fields themselves, moreover FA(W ) is a function
built with the use of exterior product of fields only; (iii) d2 ≡ 0 implies an integrability condition
for FA(W ). In other words the set WA is closed under the de Rham derivative and there are no
other relations between dWA then those given by FA. Then (2.7) ensures the gauge symmetry
δWA = dξA + ξB
∂FA
∂WB
(2.8)
where the first term is absent if the form degree of WA is zero.
The anti-de Sitter background itself can be thought of as a part of the unfolded system of
equations:
dha +̟a,c ∧ hc = 0 , (2.9)
d̟a,b +̟a,c ∧̟c,b = Λha ∧ hb . (2.10)
In what follows we shall not use the full system of unfolded equations to describe a dynamical
field of some spin, but only several Yang–Mills-like curvatures RA that are relevant for the cubic
action as they contribute to the quadratic action. The strategy is
(1) for a required multiplet of gauge fields, for which we would like to investigate cubic inter-
actions, one has to give unfolded curvatures RA0 that are linear in gauge fields,
RA0 = DW
A + FAB (h)W
B (2.11)
but could be nonlinear in the background fields as manifested in FAB (h) . Note that ̟ can
appear only as a part of the Lorentz covariant derivative D = d +̟ . The curvature RA0
can be read off from [10, 30, 39, 41, 42, 45, 62–66]. The indices A,B, ... run over certain set
of irreducible Lorentz tensors. As the number of gauge forms WA for some particular field
is finite RA0 = 0 cannot describe propagating fields. The way out is that not all of the
curvatures DWA + FAB (h)W
B are zero, some being proportional to zero-forms Ca, called
generalized Weyl tensors:
RA0 = F
A
a (h)C
a , (2.12)
which are consistent unfolded equations provided that DCa satisfy their own equations.
In what follows the curvatures for Ca are not needed;
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(2) find a quadratic action of the form
S =
1
2
∑
A,B
∫
IAB;u...uR
A
0 ∧RB0 ∧ hu ∧ ... ∧ hu, (2.13)
which is gauge invariant by construction. The IAB;u...u are some invariant tensors built out
of ǫab...c and ηab. The action contains some free coefficients, which are generally responsible
for normalization of actions for individual constituents of the multiplet and for a freedom
to add boundary terms;
(3) to extend the curvatures RA0
RA = DWA + FAB (h)W
B +
1
2
gFABC(h)W
B ∧W C (2.14)
with terms quadratic in the fields while maintaining the integrability condition (2.7) to
the order g, which implies
δRA = ξCRD0
∂FA
∂W C∂WD
+O(g2) = gξCRD0 F
A
CD +O(g
2) , (2.15)
where we have replaced RD with RD0 on right-hand side as F
A
CD has already brought in one
power of g. The coefficients FACD are in fact the structure constants of some higher-spin
algebra [67, 68], so that R = dW +W ⋆W . In the present paper we do not consider the
full higher-spin algebra as we look for some particular cubic vertices and do not know FACD
for all generators;
(4) to insert the corrected curvatures RA into the action instead of the linearized RA0 and to
adjust free coefficients such that the action is gauge invariant to the order g:
δS =
∑
A,B
∫
IAB;u...u δR
A ∧RB ∧ hu ∧ ... ∧ hu = (2.16)
=g
∑
A,B
∫
IAB;u...u ξ
C ∧RD0 FACD ∧RB0 ∧ hu ∧ ... ∧ hu +O(g2) . (2.17)
At this stage one may use a modified 32 -order formalism (2.6) or, if there is no need in finding
δ1Φ, one can apply a modified (2.3),[
δS0
δΦ
δg1Φ+
δS1
δΦ
δ0Φ
]
δS0
δΦ
=0
= 0 (2.18)
where δ1 = δ
ex
1 + δ
g
1 and F
A
BC are responsible for δ
g
1 , which appears naturally and makes the
expression in brackets more simple (2.15). In this case there are additional simplifications due
to the fact that most of RA0 are zero on-shell, a few being equal to Weyl tensors (2.12). Applying
(2.12) one reduces (2.16) to
δS = g
∑
A,B
∫
IAB;u...uC
aCbFACD ξ
C ∧ FDa (h) ∧ FBb (h) ∧ hu ∧ ... ∧ hu +O(g2) = 0, (2.19)
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which is a purely algebraic problem of adjusting free coefficients in order for various combinations
of Weyl tensors to cancel each other.
Actually, in the original paper [2]2 the coefficients FACD were completely known for the multi-
plet of totally symmetric fields of spins s = 0, 1, ..., in contrast to the present paper where we just
probe some of FACD for the osp(1|2) higher-spin algebra of [68] describing certain mixed-symmetry
fields in addition to totally-symmetric ones.
3 Type -[p, q] gauge fields
In this section we present a frame-like formulation for type-[p, q] fields. The cases [1, 1] and [2, 1]
will be treated in details in the rest of the paper.
Minkowski space. According to [38, 63], the unfolded formulation for type-[p, q] field in
Minkowski space starts with two fields
type [p, q] : e
a[q]
p ω
a[p+1]
q (3.1)
as a vielbein and spin-connection spin-[p, q] field, where the subscripts on the above fields indicate
their respective differential form degrees. One can construct linearized unfolded curvatures for
these fields as
R
a[q]
p+1 = de
a[q]
p − hm[p−q+1]ωa[q]m[p−q+1]q , (3.2)
R
a[p+1]
q+1 = dω
a[p+1]
q . (3.3)
On-mass-shell the curvatures obey
R
a[q]
p+1 = 0 , (3.4)
R
a[p+1]
q+1 = hm[q+1]C
a[p+1],m[q+1]
0 , (3.5)
where C
a[p+1],m[q+1]
0 is the Weyl tensor. The quadratic action has the form
Sp,q =
1
2
∫ (
R
u[q]
p+1 ∧ ωu[p+1]q + (−1)p+1 eu[q]k ∧Ru[p+1]q+1
)
Hu[p+q+1] , (3.6)
where we have used volume forms Hu[k]
Hu[k] = ǫu1...ukbk+1...bd h
bk+1 ∧ ... ∧ hbd
which form a basis set of (d− k) forms, resulting in the identity
hc ∧Hu1...uk =
(−1)k
(d− k + 1)
i=k∑
i=1
(−1)iδcui Hu1...uˆi...uk . (3.7)
However, it turns out that this set of fields/curvatures does not admit a straightforward
deformation to the anti-de Sitter space.
2For some reviews, see e.g [21,22,69].
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Stu¨ckelberg formulation. The BMV conjecture [57], proved in [41, 42, 47], states that an
irreducible AdSd massless field decomposes into a direct sum of irreducible Minkowski massless
fields in the flat limit Λ→ 0 . For a unitary spin-[p, q] field the decomposition is
AdS: unitary spin-[p, q]
∣∣∣∣
Λ→0
∼= spin-[p, q]⊕ spin-[p− 1, q] : Minkowski. (3.8)
This can be understood as follows. A spin-[p, q] massless field in Minkowski space possesses
two independent differential gauge symmetries with parameters having the types [p − 1, q] and
[p, q − 1] . The first gauge symmetry gets broken in AdSd ; its role was to remove, from the
components of the spin-[p, q] field, the spin-[p − 1, q] polarization. The spin-[p, q − 1] gauge
parameter is still activated in AdSd . Thus, if one wants the total number of physical degrees
of freedom to be a conserved quantity in the limit Λ → 0 , then the spin-[p − 1, q] polarization
has to decouple and will become an independent massless field. The above scenario is what one
expects from representation theory: in the flat limit an irreducible representation of so(d− 1, 2)
becomes an iso(d− 1, 1)-reducible one.
That iso(d−1, 1) is not semisimple indeed results in a drastic difference between formulations
in AdSd and Minkowski backgrounds. However, from a given field-theoretical formulation in
a flat space in one higher dimension, one can obtain all the information one wishes about
the corresponding massive or massless field in AdSd or flat backgrounds. This is a powerful
technique, systematically applied in various cases by one of the authors [39, 45, 66, 70–72] and
that can be used in order to derive the Lagrangian formulation of any given field (massive
or massless, in AdSd or Minkowski): Starting from the maximal Stu¨ckelberg description of a
generically massive field in AdSd background, one has at one’s disposal all the fields needed to
describe its massless m2 → 0 and/or flat Λ → 0 limit without losing any degrees of freedom.
For example, given a totally symmetric spin-s massive field, its massless limit produces a set
of massless fields whose spectrum of spins is obtained by a dimensional reduction of length-s
one-row Young diagram [1, 1, . . . , 1] of so(d − 1) to various one-row diagrams of so(d − 2)with
less and less cells. Hence, in the simplest case of a spin-s massive field one may take a set of
fields that is used to describe massless fields of spins 0, 1, ..., s. The massive Lagrangian is then
a sum of Lagrangians of massless fields supplemented by various mixing terms with 1 and 0
derivatives. The procedure is quite natural and has already been tested both in Minkowski and
AdSd for all fields whose spin is given by an arbitrary two-row Young diagram [45].
This idea was also mentioned in [73] and has been used [41, 42] in order to describe in a
geometric way massive and massless AdSd fields of arbitrary symmetry type, starting from the
dimensional reduction of the Minkowskian (d + 1)-dimensional geometric formulation [38, 63]
developed by one of the authors. In that way, it was possible to reproduce and understand the
Brink–Metsaev–Vasiliev (BMV) pattern of Stu¨ckelberg fields and their possible decouplings, at
any given value of the mass parameter. For a very recent and interesting works related to [73],
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see e.g. [74, 75] and references therein.
The advantage (and definition) of the maximal Stu¨ckelberg formulation is that all limits
(massless and/or flat) are smooth and all the fields have a gauge transformation. For a massive
field in AdSd , at critical values of m
2 certain mixing coefficients in the Lagrangian go to zero
and the latter splits into two pieces, one describing a massless (or partially massless) field in
AdSd which still has more degrees of freedom than the Minkowski massless field with the same
spin. If, instead of choosing a critical value for m2 in the maximal Stu¨ckelberg Lagrangian, one
takes the limit Λ→ 0 , then all the mixing coefficients go to zero and one obtains a direct sum
of massless Lagrangians, one for each of the fields appearing in the initial Lagrangian.
Stu¨ckelberg formulation for type-[p, q] fields. According to (3.8) in order to construct
Stu¨ckelberg formulation for type-[p, q] field one may take
type [p− 1, q] : ea[q]p−1 ωa[p]q , (3.9)
type [p, q] : e
a[q]
p ω
a[p+1]
q . (3.10)
The ansatz for curvatures contains all mixing terms reads
R
a[q]
p = De
a[q]
p−1 − hm[p−q]ωa[q]m[p−q]q − αea[q]p , (3.11)
R
a[p]
q+1 = Dω
a[p]
q − βhmωa[p]mq , (3.12)
R
a[q]
p+1 = De
a[q]
p − hm[p−q+1]ωa[q]m[p−q+1]q − γhahmea[q−1]mp−1 , (3.13)
R
a[p+1]
q+1 = Dω
a[p+1]
q − δhaωa[p]q . (3.14)
The integrability condition (2.7) implies that
α =
Λ
δ
(−)q , γ = −δ , β = Λ
δ
(−)p−1 . (3.15)
Choosing δ ∼
√
|Λ| ≡ λ, one can have a smooth flat limit Λ → 0, with the four curvatures
decoupling into two independent sets of (3.2)-(3.3). On-mass-shell we have
R
a[q]
p = 0 , R
a[p]
q+1 = hm[q+1]C
a[p],m[q+1] , (3.16)
R
a[q]
p+1 = 0 , R
a[p+1]
q+1 = hm[q+1]C
a[p+1],m[q+1] , (3.17)
featuring two Weyl tensors in accordance with the BMV conjecture, [57].
The action, which is valid both in Minkowski and AdS is simply a sum of (3.6), where the
curvatures are to be replaced with (3.11)-(3.14).
S = Sp−1,q +
−Λ
(p+ 1)δ2
Sp,q , (3.18)
where the relative coefficient is fixed by gauge invariance. Note that the action does not have a
manifestly gauge invariant form. This can be cured in AdS.
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In anti-de Sitter space one can indeed cast the action into a manifestly gauge invariant form
S = a1
∫
Rq+1
u[q+1]a[p−q−1] ∧Rq+1u[q+1]a[p−q−1] ∧Hu[2q+2]+
+a2
∫
Rq+1
u[q+1]a[p−q] ∧Rq+1u[q+1]a[p−q] ∧Hu[2q+2]+
+a3
∫
Rp
u[q] ∧Rq+1u[p+1] ∧Hu[p+q+1]+
+a4
∫
D
(
Rq+1
u[q+1]a[p−q−1] ∧Rq+1u[q+2]a[p−q−1] ∧Hu[2q+3]
)
, (3.19)
where the last term is a boundary term and allows to set a1/a2 at will, then we may put a4 = 0.
The action is manifestly gauge invariant. However, if one expands the first three terms one finds
contributions of the form ωq
u[q]ap−q ∧ Dωqv[p+1]a[p−q]Hu[q]v[p+1] that are of the third order in
derivatives upon solving equations for ω’s in terms of tetrad-like fields e. The requirement for
higher-derivative terms to vanish gives one constraint on a1, a2, a3
− 2(q + 1)
d− 2q − 1
(
a1
Λ
δ
+ a2(d− p− q − 1)δ
)
+ a3(−)p+q+1 (p + 1)!(d − p− q − 1)!
(q + 1)!(d − 2q − 1)! = 0 . (3.20)
Interlude. One [10,76] can collect ̟a,b and ha as different components of a single so(d−1, 2)-
connection ΩA,B ≡ −ΩB,A ≡ ΩA,Bµ dxµ, A,B, ... = 0...d, where the decomposition of ΩA,B into
a d× d antisymmetric matrix ̟a,b and a Lorentz vector ha can be performed in a so(d − 1, 2)-
covariant way by introducing a normalized vector field V A, V CVC = 1, called compensator, [10],
HA = λD0V
A , ΩA,BL = Ω
A,B + λ(V AHB −HAV B) , (3.21)
where D0 = d + Ω, (D0)
2 = 0, which is equivalent to (2.9)-(2.10). The so(d − 1, 2)-covariant
definitions for ha and ̟a,b are given by HA and ΩA,BL , with the Lorentz covariant derivative
being D = d+ΩL, which is manifested in
HBVB = 0 , DV
A = 0 , DHA = 0 (3.22)
and the fact that, choosing V A = δAd (d means the value of the index rather than an index), one
recovers
Haµ = λΩµ
a,
d , H
d
µ = 0 , Ω
a,b
L = Ω
a,b . (3.23)
Manifestly AdS-covariant formulation. One can go further and construct a formulation
for type-[p, q] fields that in addition to being manifestly gauge invariant is also manifestly co-
variant under global symmetries of AdS, [10, 30,32,33,77].
One first notes that with the help of gauge parameter ξ
a[q]
p−1 of e
a[q]
p
δe
a[q]
p−1 = Dξ
a[q]
p−2 + (−)p−qhm[p−q]ξa[q]m[p−q]q + αξa[q]p−1 (3.24)
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one can gauge away e
a[q]
p−1 completely. It is obvious that ω
a[p]
q and e
a[q]
p have the same number of
components. In the gauge where e
a[q]
p−1 = 0, the zero-curvature condition on (3.11) implies that
hm[p−q]ω
a[q]m[p−q]
q − αea[q]p = 0 , (3.25)
i.e. e
a[q]
p−1 is just an avatar for ω
a[p]
q . The curvature (3.13) then does not carry any new information
and can be abandoned to the benefit of (3.12). The resulting formulation is based on two fields
ω
a[p]
q and ω
a[p+1]
q with the unfolded curvatures of the form
R
a[p]
q+1 = Dω
a[p]
q + λhmω
ma[p]
q , (3.26)
R
a[p+1]
q+1 = Dω
a[p+1]
q − λhaωa[p]q , (3.27)
where we have made the choice δ =
√
|Λ| ≡ λ. The action now reduces to three terms
S = a1
∫
Rq+1
u[q+1]a[p−q−1] ∧Rq+1u[q+1]a[p−q−1] ∧Hu[2q+2]+
+a2
∫
Rq+1
u[q+1]a[p−q] ∧Rq+1u[q+1]a[p−q] ∧Hu[2q+2]+
+a4
∫
D
(
Rq+1
u[q+1]a[p−q−1] ∧Rq+1u[q+2]a[p−q−1] ∧Hu[2q+3]
)
(3.28)
with no restriction on a1, a2, a4. The boundary term again serves [30, 77] as a tool to adjust
a1/a2 at will. The on-mass-shell condition (3.16)-(3.17) reduces to
R
a[p]
q+1 = hm[q+1]C
a[p],m[q+1] , (3.29)
R
a[p+1]
q+1 = hm[q+1]C
a[p+1],m[q+1] . (3.30)
Now one can realize (3.26)-(3.27) as two projections R
a[p+1]
q+1 and R
a[p+1]M
q+1 VM of a single
curvature R
A[p+1]
q+1 = D0W
A[p+1]
q for a generalized so(d − 1, 2)-connection WA[p+1]q , which has
an analogous decomposition into two generalized Lorentz connections to be identified with ω
a[p]
q
and ω
a[p+1]
q . The action can also be rewritten in a so(d− 1, 2)-covariant form [30,77],
S = a1
∫
Rq+1
U [q+1]A[p−q−1]MVM ∧Rq+1U [q+1] NA[p−q−1] VN ∧HU [2q+2]+
+a2
∫
Rq+1
U [q+1]A[p−q] ∧Rq+1U [q+1]A[p−q] ∧HU [2q+2]+
+a4
∫
D0
(
Rq+1
U [q+1]A[p−q−1]MVM ∧Rq+1U [q+2]A[p−q−1] ∧HU [2q+3]
)
(3.31)
with
HU [k] = ǫU1...UkBk+1...BdW H
Bk+1 ∧ ... ∧HBdV W .
Such formulation in terms of generalized connections of the anti-de Sitter algebra is referred
to as ASV formulation due to [30], where it was introduced first, see [32, 33, 41, 42, 46, 64] for
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developments and generalizations. Within the ASV formulation a set of frame-like fields is
organized in a compact way as various projections of a single generalized so(d−1, 2)-connection.
However, this is achieved at the price of losing Stu¨ckelberg symmetries and associated fields that
make the flat limit smooth. Therefore, ASV formulation is restricted to AdS and has a singular
flat limit, with the Van Dam–Veltman–Zakharov-like discontinuity in the number of physical
degrees of freedom.
4 Gravitational interactions of type -[2, 1] fields in AdS
In this section we are going to present three different ways of constructing gravitational inter-
actions for the [2, 1]-type gauge fields in AdSd .
4.1 Stu¨ckelberg formulation and 3
2
-approach
Firstly we apply a modified 32 -formalism in the presence of maximal set of Stu¨ckelberg fields.
Kinematics. In accordance with section 3 we will use the following fields for description of
hook: two form Φa and one forms Ωa[3], Ωa[2] and fa, leaving notations ea and ωa[2] for the
description of graviton. In this notation the free Lagrangian for a hook in AdS can be written
as follows
L0 = [−1
2
Ωa[3]hmhmΩ
am[2] +Ωa[3]DΦa]Ha[4] +
+[
1
2
Ωa[2]hmΩ
am − Ωa[2]Dfa]Ha[3] +
+m[hmΩ
a[2]mfa +Ωa[2]Φa]Ha[3] , (4.1)
where m2 = 3λ2. It is invariant under the following set of gauge transformations
δ0Φ
a = Dza + hmhmχ
m[2]a +
m
3
hahmξ
m , (4.2)
δ0Ω
a[3] = Dχa[3] +
m
3
haχa[2] , (4.3)
δ0f
a = Dξa + hmχ
ma +mza , (4.4)
δ0Ω
a[2] = Dχa[2] −mhmχma[2] . (4.5)
Correspondingly, we can construct four gauge invariant objects (Yang–Mills-like curvatures)3
Ra = DΦa − hmhmΩm[2]a − m
3
hahmf
m , (4.6)
Ra[3] = DΩa[3] +
m
3
haΩa[2] , (4.7)
Ka = Dfa + hmΩ
ma −mΦa , (4.8)
Ka[2] = DΩa[2] −mhmΩma[2] . (4.9)
3To make connection with (3.15), α = m, β = m, γ = m/3, δ = −m/3, p = 2, q = 1.
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They satisfy the following differential identities
DRa[3] = −m
3
haKa[2], DRa = −hmhmRm[2]a − m
3
hahmK
m , (4.10)
DKa[2] = mhmR
m[a[2], DKa = −hmKma −mRa . (4.11)
Note here that on the solutions of the equations for the auxiliary fields Ωa[3] and Ωa[2] we have
Ra = 0, Ka = 0 =⇒ hmhmRm[2]a = 0, hmKma = 0 . (4.12)
Minimal interactions. To illustrate how our modified formalism work let us begin with
the free Lagrangian for a massless hook in a flat spacetime and corresponding initial gauge
transformations, where now D2 = 0,
L0 = 1
2
[−hmhmΩm[2]aΩa[3] + 2Ωa[3]DΦa]Ha[4] , (4.13)
δ0Ω
a[3] = Dχa[3], δ0Φ
a = Dza + hmhmχ
m[2]a . (4.14)
The most general ansatz for a cubic vertex with two derivatives has the form (here we put the
gravitational coupling constant to 1)
L1 = [a1emhmΩm[2]aΩa[3] + a2eahmΩm[2]aΩma[2] − Ωa[3]ωamΦm]Ha[4] . (4.15)
Let us consider gauge transformations for the graviton, first,
δea = Dηa + hmη
ma, δωa[2] = Dηa[2] . (4.16)
Direct calculations show that the variation of L1 under the above transformations cancels pro-
vided that a1 =
3
2 and a2 = −32 , together with appropriate corrections to gauge transformations
δ1Φ
a = ηamΦm + ηmhmΩ
m[2]a . (4.17)
So we have fixed all the coefficients in the cubic vertex and we still have to consider the gauge
variation L1 under δ0Φa. It is easy to check that it is impossible to achieve complete invariance
under these transformations. The best possible result is obtained with the following corrections
to δ1Φ
a
δ1Φ
a = −emhmχm[2]a − ωamzm . (4.18)
This leaves us with the residual terms
res01 = [χ
a[3]RamΦm − Ωa[3]Ramzm]Ha[4] , (4.19)
that are directly related to the fact that covariant derivatives do not commute.
Similarly, we repeat the above procedure in the sector of the Stu¨ckelberg spin-2 field, giving
δ1f
a = −ωamξm + ηamfm − emχma + ηmΩma , (4.20)
res02 = −[χa[2]Ramfm − Ωa[2]Ramξm]Ha[3] . (4.21)
The only possibility to compensate these terms is to consider higher-derivative non-minimal
interactions and their AdS deformations.
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Cubic vertices with four derivatives: Vertex Ωa[3]Ωa[3]R. The most general ansatz for
this vertex has the form
L41 = [a1Ωa[2]mΩa[2]mRm[2] + a2Ωa[3]Ωam[2]Rm[2] +
+a3Ω
a[2]
mΩ
am[2]Ram + a4Ω
am[2]Ωam[2]R
a[2]]Ha[4] . (4.22)
However, due to the identity
0 = Ωa[3]Ωa[2]mhmR
m[2]Ha[5] ∼ [−3Ωa[2]mΩa[2]m − 2Ωa[3]Ωam[2]]Rm[2]Ha[4] ,
the first and second terms are not independent. Let us put a2 = 0. Then using the on-shell
identities hmhmR
m[2]a = 0 and hmR
ma = 0, the χa[3] variation of the action can be casted into
the form
δ0L41 = [(2a1 + a4)
3
χam[2]R
a[3]Rm[2] + 2(a3 − 2a4)χam[2]Ra[2]mRam]Ha[4] .
This enforces a3 = 2a4, while the first term can be compensated by
δ1Φ
a = −(2a1 + a4)
3
χam[2]R
m[2] . (4.23)
A few comments are in order.
• As we see this vertex does not deform the gauge algebra. It may seem that we took too
many derivatives, but we were not able to avoid this four-derivative vertex.
• In all subsequent calculations it is crucial that the combination (2a1 + a4) is non zero.
Maybe the relation between these two parameters becomes clear in the first order formal-
ism, but for simplicity in what follows we put a4 = 0.
At this stage we have to consider the AdSd -covariantization of this vertex, taking into account
that now D2 6= 0. There are two sources for non-invariance of cubic vertices in this case: terms
proportional to m in the definition of the curvature tensors and in the gauge transformations
∆Ra[3] =
m
3
haΩa[2], δ1Ω
a[3] =
m
3
haχa[2]
and this produces
res11 =
2ma1
3
[−χa[2]m(hmΩa[2] + 2haΩam) + Ωa[2]m(hmχa[2] + 2haχam)]Rm[2]Ha[4] . (4.24)
Cubic vertices with four derivatives: Vertex Ωa[2]Ωa[2]R. As far as we know, the only
possible vertex with four derivatives and bilinear in the hook sector looks like
L = faKa[2]Ra[2]Ha[5] . (4.25)
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It is similar to the first nontrivial term in the decomposition of the Gauss–Bonnet invariant but
now for two different spin-2 fields. By construction such a vertex exists in d > 5 only. For the
modified 32 -formalism it is convenient to rewrite this vertex in the form ΩΩR. So in what follows
we will use
L42 = a2[ΩamΩamRa[2] − Ωa[2]ΩamRam]Ha[4] . (4.26)
As for the AdS-covariantization of this vertex, we again have two sources for non-invariance —
terms proportional to m in the curvature and gauge transformations
∆Ka[2] = −mhmΩma[2], δ1Ωa[2] = −mhmχma[2] .
This produces
res12 = −ma2[2Ωamhmχm[2]aRa[2] +Ωa[2]hmχam[2]Ram − hmχma[2]ΩanRan]Ha[4] +
+ma2[2χ
a
mhmΩ
m[2]aRa[2] + χa[2]hmΩ
am[2]Ram − hmΩma[2]χanRan]Ha[4] . (4.27)
Vertices with three derivatives. As we have seen from previous subsection, the four-
derivative vertices produce contributions to the χa[3]- and χa[2]-variations only. It means that
any variation under the za- and ξa-transformations for the three derivatives vertex has to be
compensated by corrections to gauge transformations only. This put severe restrictions on such
vertices. The only one we have managed to find is
L3 = b0Ωa[3]fmRamHa[4], δΦa = −b0Ramξm . (4.28)
So we have only one new parameter b0 to compensate for the non-invariance coming from the
minimal interactions (4.19) and (4.21) on the one hand and the non-invariance coming from four
derivatives vertices (4.24) and (4.27) on the other hand. Happily, with a heavy use of on-shell
relations hmhmR
am[2] = 0 and hmK
am = 0 one can show that all residual variations can be
canceled provided we set
a1 = − 3
4(d− 3)m2 , a2 = −
3
4m2
, b0 =
1
m
(4.29)
and introduce important corrections to the gauge transformations
δ1e
a =
3
2(d− 3)m [χ
am[2]Ωm[2] − Ωam[2]χm[2]] . (4.30)
Thus we finally obtain a non-trivial deformation of the gauge algebra. To summarize, we found
the following cubic vertex and corresponding gauge transformations
L1 =
[
3
2
emhmΩ
m[2]aΩa[3] − 3
2
eahmΩ
m[2]aΩm
a[2] − Ωa[3]ωamΦm
]
Ha[4] +
1
m
Ωa[3]fmR
amHa[4]
− 3
4(d− 3)m2 Ω
a[2]
mΩ
a[2]
mR
m[2]Ha[4] −
3
4m2
[
ΩamΩamR
a[2] − Ωa[2]ΩamRam
]
Ha[4] , (4.31)
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δ1Φ
a = ηamΦm + ηmhmΩ
m[2]a − emhmχm[2]a − ωamzm + 1
2(d− 3)m2χ
a
m[2]R
m[2] , (4.32)
δ1f
a = −ωamξm + ηamfm − emχma + ηmΩma , (4.33)
δ1e
a =
3
2(d− 3)m [χ
am[2]Ωm[2] −Ωam[2]χm[2]] . (4.34)
4.2 Stu¨ckelberg formulation and Fradkin–Vasiliev approach
In this section we consider application of the Fradkin–Vasiliev approach to the Stu¨ckelberg
description of the hook field. First of all we have to rewrite the free Lagrangian in terms of
gauge invariant curvatures. The result reads
L0 = [a1Ra[2]mRa[2]m + a2Ka[2]Ka[2] + a3Ra[3]Ka]Ha[4] , (4.35)
where
(d− 4)a1
3
+ a2 = − 3
4m2
, a3 = − 1
m
. (4.36)
Again we see that there is an ambiguity in the choice of coefficients but the choice will be fixed
after switching on interactions.
Now we have to construct deformed curvatures both for the hook field and for the graviton,
so that the variations will be proportional to the free curvatures. For the graviton the result is
easy to find
Rˆa[2] = Ra[2] +ma0[Ω
am[2]Ωam[2] −
2
3
ΩamΩam] , (4.37)
Tˆ a = T a + a0Ω
am[2]Ωm[2] , (4.38)
with the corresponding variations having the form
δRˆa[2] = ma0[R
am[2]χam[2] −
2
3
Kamχam] , (4.39)
δTˆ a = a0[−χam[2]Km[2] +Ram[2]χm[2]] . (4.40)
The deformations for the hook’s curvatures simply correspond to the standard Lorentz min-
imal coupling
Rˆa = Ra + ωamΦm − hmemΩm[2]a − m
3
(eahm + h
aem)f
m , (4.41)
Rˆa[3] = Ra[3] + ωamΩ
ma[2] +
m
3
eaΩa[2] , (4.42)
Kˆa = Ka + ωamfm + emΩ
ma , (4.43)
Kˆa[2] = Ka[2] + ωamΩ
ma −memΩma[2] . (4.44)
In what follows we will need only the part of the variation that does not vanish on-shell. It
has a simple form
δRˆa[3] = Ramχ
ma[2] , δKˆa[2] = Ramχ
ma , δKˆa = Ramξm . (4.45)
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Now, following the general procedure, we consider the interacting Lagrangian
L0 + L1 = [a1Rˆa[2]mRˆa[2]m + a2Kˆa[2]Kˆa[2] + a3Rˆa[3]Kˆa + 1
4λ2
Rˆa[2]Rˆa[2]]Ha[4] . (4.46)
The next problem is to adjust the coefficients so that all variations vanish on-shell. For the
χa[3]-transformations we obtain4
δg1L0 + δ0L1 = [−4a1Ra[2]mRamχam[2] +
3a0
m
Ram[2]Ra[2]χam[2]]Ha[4] .
Using the on-shell relations hmhmR
am[2] = 0 and hmR
am = 0 one can show that the following
identity holds
[−2Ra[2]mRamχam[2] +Ram[2]Ra[2]χam[2]]Ha[4] = 0 .
Thus we have to put
a1 =
3a0
2m
. (4.47)
At the same time, for the χa[2]-transformations we obtain
δg1L0 + δ0L1 = [4a2Ka[2]Ramχam +
2a0
m
KamRa[2]χam]Ha[4] .
Again, using the on-shell relations hmK
am = 0 and hmR
am = 0, one can show that
[Ka[2]Ramχam +K
amRa[2]χam]Ha[4] = 0 .
Therefore, we set
a2 =
a0
2m
=
a1
3
. (4.48)
In particular, the last relation fixes the ambiguity in the free Lagrangian giving us
a1 = − 9
4(d− 3)m2 =⇒ a0 = −
3
2(d− 3)m . (4.49)
Going from Stu¨ckelberg to ASV. We have already mentioned that the Stu¨ckelberg for-
mulation is related to the ASV one through the partial gauge fixing, see (3.24) and below. It
is instructive to see how this procedure works in the interacting case. First of all, using the
fact that for any non-zero λ we have δfa ∼ za, we can choose the gauge fa = 0. Then, the
corresponding torsion equation
Kˆa = hmΩ
ma −mΦa + emΩma = 0 (4.50)
gives us
Φa =
1
m
(hm + em)Ω
ma . (4.51)
4The deformed curvatures introduced above are associated with corresponding δg1 , see Section 2.
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As a consequence, the second torsion equation Ra = 0 does not carry any new information,
leaving us with two non-trivial curvatures only
Rˆa[3] = DΩa[3] + ωamΩ
ma[2] + λ2(ha + ea)Ωa[2] , (4.52)
Kˆa[2] = DΩa[2] + ωamΩ
ma − (hm + em)Ωma[2] . (4.53)
Here we have made the rescaling Ωa[2] → mΩa[2] and Ka[2] → mKa[2] in accordance with the fact
that Ωa[2] plays now the role of a physical field. After such a rescaling the deformed Riemann
tensor has the form
Rˆa[2] = Ra[2] +ma0[Ω
am[2]Ωam[2] − 2λ2ΩamΩam] , (4.54)
while the interacting Lagrangian can be written as follows
L = a1[Rˆa[2]mRˆa[2]m + λ2Kˆa[2]Kˆa[2]]Ha[4] +
1
4λ2
Rˆa[2]Rˆa[2]Ha[4] , (4.55)
which is to be compared with the genuine ASV action (4.70).
Flat limit. According to the general analysis of flat limit of higher-spin cubic actions in AdSd
done in [15], one can always rescale the fields and dimensionful coupling constants in such a way
that the flat limit of the AdSd action retains only the quadratic kinetic terms and the cubic
highest derivative terms. Of course, the AdSd -covariant derivatives are replaced by the flat
partial ones. In our case the cubic vertex that will survive in the flat limit is the four-derivative
one given by (4.22), (4.25) that are abelian. Note that there is always a freedom in adding total
derivative terms and making field-redefinitions, c.f. (4.25) and (4.26).
4.3 ASV formulation and Fradkin–Vasiliev approach
In this Section we would like to test gravitational interactions for the simplest case of spin-[2, 1]
gauge fields, i.e. we are interested in [2, 1]− [2, 1]− [1, 1] cubic vertices. The simplicity is due to
the fact that the spin-[2, 1] field is described by a one-form.
We introduce the following set of one-form gauge fields {ea, ωab,Ωa[2],Ωa[3]} where {ea, ωab}
are the dynamical one-form gauge fields in the spin-2 sector. As recalled in Section 3, the two
fields {Ωa[2],Ωa[3]} correspond to the one-forms needed to describe an irreducible and unitary
[2, 1]-type gauge field in AdSd within the ASV formulation.
Quadratic corrections to curvatures are made by replacing background tetrad ha and Lorentz
spin-connection ̟a,b with ha + ea and ̟a,b + ωa,b, respectively. Quadratic contributions to
the torsion and Riemann curvature are determined from the most general Ansatz by requiring
curvatures to be gauge invariant up to order g. Denoting the total vielbein ea = hm + em , the
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result is:
T a = Dea + eb ω
ba − gΩab[2]Ωb[2] , (4.56)
Rab = Dωab + ωac ω
cb − Λ ea eb − 2Λ g ΩacΩbc − gΩac[2]Ωbc[2] , (4.57)
Ka[2] = DΩa[2] − eb Ωba[2] + ωab Ωba , (4.58)
Ra[3] = DΩa[3] +ΛeaΩa[2] + ωabΩ
ba[2] . (4.59)
The Yang–Mills-like gauge transformation are
δea = dξa + ξb ω
ab − eb ξab + g ηab[2] Ωb[2] − gΩab[2] ηb[2] , (4.60)
δωab = dξab − ξac ωcb + ωac ξbc + Λ(ξa eb − ea ξb) + 2Λ g ηac Ωbc
− 2Λ gΩac ηbc + g ηac[2]Ωbc[2] − gΩac[2] ηbc[2] , (4.61)
δΩa[2] = dηa[2] + ξbΩ
ba[2] − eb ηba[2] − ξab Ωba + ωab ηba , (4.62)
δΩa[3] = dηa[3] − ΛξaΩa[2] + Λea ηa[2] − ξab Ωba[2] + ωab ηba[2] , (4.63)
and accordingly, for the curvatures:
δT a = ξbR
ab − Tb ξab + g ηab[2]Kb[2] − g Rab[2] ηb[2] , (4.64)
δRab = −ξacRcb +Rac ξbc + Λ(ξa T b − T a ξb) + 2Λ g ηacKbc
− 2Λ g Kac ηbc + g ηac[2]Rbc[2] − g Rac[2] ηbc[2] , (4.65)
δKa[2] = ξbR
ba[2] − Tb ηba[2] − ξabKba +Rab ηba , (4.66)
δRa[3] = −ΛξaKa[2] + ΛT a ηa[2] − ξabRba[2] +RabRba[2] . (4.67)
The on-mass-shell conditions for [2, 1]-type fields read, (3.16)-(3.17),
K
a[2]
0 = hbhb Ca[2],b[2] , Ra[3]0 = hbhb Ca[3],b[2] , (4.68)
while the spin-2 sector gives the constraints
T a0 = 0 , R
a[2]
0 = hbhb Waa,bb . (4.69)
where the linearized quantities are indicates by calligraphic symbols. The so(d − 1, 1)-tensors
{Ca[2],b[2], Ca[3],b[2],Wa[2],b[2]} are irreducible tensors of symmetry type [2, 2], [3, 2] and [2, 2] , re-
spectively.
We take the following Ansatz for the action
S[ea, ωab,Ωa[2],Ωa[3]] = 12
∫
(Ruu ∧Rvv + a1 Kuu ∧Kvv + a2 Ruua ∧Rvva) ∧Huuvv ,(4.70)
where it is understood that the quartic terms are neglected at this order in perturbation. The
variation of the above action can be evaluated using (4.64)–(4.67), keeping only terms bilinear
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in the fields and linear in the gauge parameter. In other words, after taking the gauge varia-
tion inside the action, the curvatures are replaced by their linearized expressions that are then
constrained according to (4.68) and (4.69).
Denoting
A =
∫
Hu[0] Cuu,vv ηvaWva,uu , (4.71)
B =
∫
Hu[0] Cuu,vv ηva[2]Wva[2],uu , (4.72)
C =
∫
Hu[0] Wa[2],mn ξcWca[2],mn , (4.73)
the Fradkin–Vasiliev consistency condition gives the following constraint on the free parameters
entering the action S[ea, ωab,Ωa[2],Ωa[3]]:
[2Λg − a1 ] A+
[
g − a2
2
]
B +
[
a1
2
− a2Λ
2
]
C = 0 . (4.74)
This admits the solution
a1 = 2g Λ , a2 = 2g . (4.75)
We see that the ratio a1/a2 is completely fixed by the consistency of the action (4.70).
Within the manifestly AdSd -covariant ASV formulation the computations are basically the
same, but one has to take into account a fewer number of terms as some of them join together
into single AdS-covariant objects.
One important remark is that switching on gravitational interactions dictates the relative
coefficient a1/a2 in a way that manifestly AdS-covariant ASV action acquires the most simple
form
S =
1
2
∫
RUUA ∧RV V A ∧HUUV V . (4.76)
Unfortunately, it is impossible to take a meaningful flat limit because of discontinuity in the
number of physical degrees of freedom. Note that the two fields of ASV formulation correspond
to fields similar to Lorentz spin-connection rather than a tetrad-like fields, which can be excluded
if Λ 6= 0 as explained in section 3. Even at the linearized level the action for Ωaa1 and Ωaaa1 reduces
to a nonunitary theory because no additional gauge symmetry reappear.
5 Gravitational interactions of type -[2, 1] field in flat space:
metric-like Stu¨ckelberg formulation and BV-BRST approach
In section 4.2 we have seen that, in the flat limit, no nonabelian interaction could survive in the
Stu¨ckelberg action. In this section we discuss, in the metric-like formalism, the flat limit of the
interacting Lagrangian obtained in this paper by addressing the related problem of determining
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all the possible interactions that the hook field can have with gravity in flat space. We show that
indeed it is not possible to build nonabelian interactions in flat space, thereby strengthening the
results of the section 4.2.
The couplings will involve the following three types of gauge fields: a [2, 1]-type field Tµν,ρ =
−Tνµ,ρ (we use the antisymmetric convention in this section), the graviton and the Stu¨ckelberg
companion of the hook field which is of the same symmetry type as the graviton, i.e. in metric-
like formalism it is a rank-two symmetric gauge field5. There are not many cubic terms that
can consistently couple these fields in a flat background and we will show that none of them
is compatible with the existence of a nonabelian gauge algebra at the first nontrivial order, in
sharp contrast to what happens for totally-symmetric gauge fields. It means that it is definitely
the cosmological constant that is responsible for the nonabelian nature of the interactions we
have presented in this paper.
In flat space, the problem of the self-interactions for arbitrary type-[p, q] gauge fields was
thoroughly studied in [50–52] via the cohomological reformulation [58] of the No¨ther procedure
for constructing consistent interactions [59]. For any [p, q]-type gauge fields in flat space, all the
relevant cohomological groups have been computed in [50–52] to which we refer for more details.
Without entering too much into the details of the antifield formulation for [p, q]-type gauge
fields in flat space [51,52], we will give here a list of the various possible cubic couplings between
a [2, 1]-type gauge field and a set of two different gravitons, the physical graviton and the
Stu¨ckelberg companion of the [2, 1]-type gauge field. We will show that there is no way to build
nonabelian cubic vertices among the three species of fields considered here if there is at least one
hook field occurring in the vertex. In the case of the cubic coupling between colored gravitons,
it is a result of [78] that there is no nontrivial nonabelian interactions mixing colored gravitons.
Therefore, in the case of interactions between the Stu¨ckelberg field and the physical graviton,
there is no possibility for nonabelian interactions.
Sector of the mixed-symmetry gauge field The spectrum of fields and antifields in the
sector of the [2, 1]-type gauge field is given by
• the fields Tαβ,γ with ghost number (gh) zero and antifield number (antigh) zero;
• the ghosts Sαβ = S(αβ) and Aαβ = A[αβ] with gh = 1 and antigh = 0;
• the ghosts of ghosts Bα with gh = 2 and antigh = 0, which appear because of the
reducibility relations;
• the antifields T ∗[αβ]γ , with ghost number minus one gh = −1 and antigh = 1;
• the antifields S∗(αβ) and A∗[αβ] with gh = −2 and antigh = 2;
5See Appendix A for a metric-like presentation of the free Stu¨ckelberg action for a hook field in AdSd .
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• the antifields B∗α with gh = −3 and antigh = 3 .
Note that the antifield number is sometimes also called “antighost number”. The BRST differ-
ential for the free theory takes the simple form
s = δ + γ . (5.1)
A grading is associated with each of these differentials : γ increases by one unit the “pure ghost
number” denoted puregh while the Koszul–Tate differential δ increases the antighost number
antigh by one unit. The ghost number gh is defined by
gh = puregh − antigh. (5.2)
The action of the differentials γ and δ on all the fields of the formalism is displayed in Table 1
that indicates also the pureghost number, antighost number, ghost number and grassmannian
parity of the various fields.
Z γ(Z) δ(Z) puregh(Z) antigh(Z) gh(Z) parity
Tαβ,γ γTαβ,γ 0 0 0 0 0
Sαβ 6∂(αBβ) 0 1 0 1 1
Aαβ 2∂[αBβ] 0 1 0 1 1
Bα 0 0 2 0 2 0
T ∗β1β2,
α1 0 −16 δα[4]
β[4] Kα[3],
β[2] 0 1 −1 1
S∗αβ 0 −2 ∂γT ∗γ(α,β) 0 2 −2 0
A∗αβ 0 −6 ∂γT ∗γ[α,β] 0 2 −2 0
B∗α 0 6 ∂µS
∗µα + 2 ∂µA
∗µα 0 3 −3 1
Table 1: Action of the differentials γ and δ in the sector of the [2, 1]-types gauge field, where
γT[αβ]γ = 2(∂[αSβ]γ + ∂[αAβ]γ − ∂γAαβ) , Kα[3],β[2] = −34 ∂[β1∂[α1Tα2α3],β2] is the gauge-invariant
linearized curvature tensor and δ
α[4]
β[4] = δ
α1
[β1
δα2β2 δ
α3
β3
δα4
β4]
.
It is convenient to perform a change of variables in the antigh = 2 sector in order for the
Koszul-Tate differential to take a simpler expression when applied on all the antifields of antigh
> 2 . We define
C∗αβ = 3S∗αβ +A∗αβ . (5.3)
It leads to the following simple expressions
δC∗αβ = −6 ∂γT ∗[γα]β, (5.4)
δB∗µ = 2 ∂νC
∗νµ. (5.5)
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Following the results of [50, 52], in order to perturbatively deform the solution W (0) of the
master equation for the free theory (W (0)W (0))A.B. = 0 [where (·, ·)A.B. denotes the antibracket]
into W = W (0) + gW (1) + . . . with W (1) =
∫
ddx (a0 + a1 + a2 + a3) where gh(ai) = 0 and
antigh(ai) = i , one has to solve the cocycle equation s a+ d c = 0 where a = a0 + a1 + a2 + a3
and c = c2 + c1 + c0 . The descent of equations coming from the decomposition of sa+ dc = 0
with respect to the antifield number is
δa1 + γa0 + dc0 = 0 , (5.6)
δa2 + γa1 + dc1 = 0 , (5.7)
δa3 + γa2 + dc2 = 0 , (5.8)
γa3 = 0 . (5.9)
In order to solve this system, one starts with a3 that must belong to the cohomological group
H(γ) and plug it into the equation δa3 + γa2 + dc2 = 0 that must be solved for a2 . If that
is possible, one has thereby “lifted” or “integrated” a3 to a2 . In case such an integration is
not obstructed, one plugs a2 into the next equation δa2 + γa1 + dc1 = 0 and try to solve it
for a1 . If a2 can be lifted to an a1 , one finally try to solve δa1 + γa2 + dc0 = 0 for a0 which
is the vertex appearing in the deformed Lagrangian. The deformations of the gauge algebra
appear into a2 while a1 contains the deformations of the gauge transformations. The element
a3 contains information about the deformation of the reducibility transformations.
Important ingredients for the construction of the various elements {ai} , i = 0, 1, 2, 3 , are
the following cohomological groups:
(i) H(γ) , the cohomology of γ , is isomorphic to the algebra{
f
(
[Kα1α2α3,β1β2 ], [Φ
∗], Bµ,H
A
α1α2α3
)}
of functions of the generators, where HAα1α2α3 =
∂[α1Aα2α3] , [Φ
∗] denotes collectively all the antifields and their derivatives and similarly
[Kα1α2α3,β1β2 ] denotes the curvature tensor and all its derivatives;
(ii) The cohomology groups Hdq (δ|d) vanish in antifield number q strictly greater than three:
Hdq (δ|d) ∼= 0 for q > 3 ;
(iii) A complete set of representatives of Hd3 (δ|d) is given by the antifields B∗µ conjugate to the
ghost of ghosts Bµ , i.e., δa
d
3+da
d−1
2 = 0⇒ ad3 = λµB∗µdx0∧dx1∧ . . .∧dxd−1+δbd4+dbd−13
where the λµ’s are constants;
(iv) The cohomological group Hd2 (δ|d) vanishes if one considers cochains a that have no explicit
x-dependence (as it is necessary for constructing Poincare´-invariant Lagrangians).
Sector of the graviton In the sector of the graviton fields, the relevant cohomological analysis
was performed in [78]. On top of the spin-2 gauge field hµν , the BRST–BV spectrum includes
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ghost Cµ associated with the linearized diffeomorphisms together with the antifields h
∗µν and
C∗µ . We have summarized the action of the various relevant differentials on these fields in
Table 2.
Z γ(Z) δ(Z) puregh(Z) antigh(Z) gh(Z) parity
hµν 2 ∂(µCν) 0 0 0 0 0
Cµ 0 0 1 0 1 1
h∗νµ 0 −92 δ
µ[2]
ν[3] Kµ[3],
ν[2] 0 1 −1 1
C∗µ 0 −∂νh∗µν 0 2 −2 0
Table 2: Action of the differentials γ and δ in the sector of the spin-2 field, where Kα[2],
β[2] =
4
3 ∂
[β1∂[α1hα2
β2] is the gauge-invariant linearized curvature tensor and δ
α[3]
β[3] = δ
α1
[β1
δα2β2 δ
α3
β3]
.
In this sector, the relevant cohomological groups are:
(i) H(γ) , the cohomology of γ , that is isomorphic to the algebra{
f
(
[Kα1α2,β1β2 ], [Φ
∗], Cµ, ∂[µCν]
)}
of functions of the generators;
(ii) Hdq (δ|d) ∼= 0 for q > 2 ;
(iii) Hd2 (δ|d) given by the antifields C∗µ conjugate to the ghosts Cµ , i.e., δad2 + dad−11 = 0 ⇒
ad2 = λµC
∗µdx0 ∧ dx1 ∧ . . . ∧ dxd−1 + δbd3 + dbd−12 where the λµ’s are constants.
Couplings [1,1]–[1,1]–[1,1] As we said above, there is no nonabelian vertices mixing nontriv-
ially several kinds of gravitons, therefore the only couplings we can introduce are the Born–Infeld
coupling with six derivatives (that does not appear in the analysis in AdSd ), and the following
four-derivative coupling in d > 5 :
a0 ∼ δb[5]a[5] hbaKb[2]a[2]Kb[2]a[2] (5.10)
that does not modifies the gauge transformations and is invariant up to a total derivative. In
other words, in (5.6) there is no corresponding a1 but a nonzero c0 . As we see, this vertex brings
in four derivatives and it contributes via (4.25) to making the AdSd nonabelian vertex in the
Stu¨ckelberg formulation.
Couplings [1,1]–[1,1]–[2,1] There is a candidate deformation with five derivatives between
the hook field Tµ[2],ν and two gravitons h
i
µν , i = 1, 2 (in the following we will omit the extra
internal index i for simplicity of notation):
a0 = Kν[3],
µ[2] Kν[2],
µ[2] ∂µhµν ǫµ[6] ǫ
ν[6] (5.11)
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where we recall that Kν[3],
µ[2] is the curvature tensor for Tµ[2],ν and Kν[2],
µ[2] is the linearized
curvature tensor in the spin-2 sector. It is easy to check that this vertex is gauge invariant under
linearized transformations, up to a total derivative.
With three derivatives involved, it can be seen that there is only one candidate associated
with the following element of the cohomology of γ: a1 = T
∗µ[2],νKµ[2],ν[2]C
ν , where Cν is
the ghost associated with the linearized diffeomorphisms. The element a1 ∈ H(γ) encodes
the information concerning a deformation of the gauge transformations for the hook field; a
deformation that does not modify the gauge algebra which therefore remains abelian. Explicitly,
it corresponds to the transformation
δ(1)Tµ1µ2,ν1 = Kµ1µ2,ν1ν2 ξ
ν2 . (5.12)
To see whether this deformations of the gauge transformations can be integrated to a cubic
vertex a0 , one has to solve the equation δa1 + γa0 = dc0 where δ is the Koszul-Tate differential
and γ is the differential that implement the gauge transformations. When computing δa1, it is
possible, up to total derivatives, to make appear a γ-exact term a˜0 = δ
a[4]
b[4] ∂aΦaa|
b hbcKac|
bb, but
there remains a term that cannot be written as γ-exact term up to total derivative so that in
flat spacetime, this vertex is not consistent.
Actually, looking at the classification found in [12], one sees that there is indeed only one ver-
tex, bringing five derivatives, whereas in AdSd , this three-derivative vertex plays an important
role in making the nonabelian interactions we presented above, see (4.28).
Couplings [1,1]–[2,1]–[2,1] In terms of the quantities j
(a)
σ , a = 1, 2, 3 and σ = 1, 2 relevant
for the formula (8.66) of Metsaev in [12] (that formula is reproduced below in 5.13)), the coupling
[1, 1] − [2, 1] − [2, 1] corresponds to either (1, 0) − (32 , 12 ) − (32 , 12 ) , (1, 0) − (32 , 12 ) − (12 , 32 ) or
(1, 0) − (12 , 32 )− (12 , 32 ) since in d = 6 the hook field receives two Gelfand–Zetlin labels (s1, s2)
with |s2| 6 s1 , so that the hook field can have s2 = 1 or s2 = −1 , depending on its being self dual
or anti-self dual.6 In the second case (1, 0)− (3/2, 1/2) − (1/2, 3/2) , one has J1 =
∑
σ j
(a)
σ = 3 ,
J2 = 2 , mina j
(a)
1 =
1
2 and mina j
(a)
2 = 0 , so that Metsaev’s formula
2 max
σ=1,2
(Jσ − 2 min
a=1,2,3
j(a)σ ) 6 k 6 2min
σ
Jσ (5.13)
gives the solution k = 4 . The other two cases give no solution. On the other hand we found the
deformation a1 = T
∗µ[2]
νKµ[2],ν[2]H
ν[3] where we recall that Hν[3] is the element of H(γ) that
corresponds to the curl of the antisymmetric gauge parameter Aν[2] for the gauge field T that,
in flat space, possesses two independent gauge transformations. This candidate a1 , again, does
not lead to any nonabelian algebra since the gauge fields appear through the curvature tensor
6See the discussion at the beginning of Section 8.2 in [12]. Note that the restriction on k in Metsaev’s formula
(5.13) was found for the first time in [79]. We are grateful to R.Metsaev for his explanations and comments.
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Kµ[2],ν[2]. This candidate a1 is integrable and gives a vertex a0 involving four derivatives — in
agreement with the k = 4 prediction of Formula (5.13) — and that gives a contribution in AdSd
corresponding to (4.22), (4.23):
a0 = Kµ1µ2,ν1ν1
(
∂[ρT µ1µ2],σ ∂
[σT ν1ν2],ρ − ∂[ρT µ1µ2],ρ ∂[σT ν1ν2],σ
)
, (5.14)
δ(1)Tµν,
ρ = Kµν,αβ ∂
[ρAαβ] . (5.15)
Using group theory7, it can be seen that this vertex is indeed nontrivial in d = 6 .
There is yet another vertex, this times with six derivatives: the Born–Infeld vertex simply
obtained by contracting the indices of the three linearized curvature tensors. Using group theory
again, one can see this time that in d = 6 there is no way to contract the three curvature tensors
so that the result is nonvanishing. This vertex starts being nontrivial from d = 7 on.
Finally, there is the Lorentz minimal coupling between the hook field and the graviton,
bringing two derivatives in the Lagrangian. Interestingly enough, this vertex appears through
the following only possible nontrivial candidate in antigh = 3:
a3 = B
∗µBν∂[µCν] (5.16)
that can be integrated via (5.8) to give
a2 = C
∗νµ
[
(Aν
α +
1
3
Sν
α)∂[µCν] +B
α∂[µhα]ν
]
. (5.17)
When one tries to integrate a2 via (5.7), however, one finds an obstruction to finding a1 so that
the Lorentz minimal coupling is inconsistent in flat spacetime. As we have seen, the Lorentz
minimal couplings appears in AdSd (see Section 4.1) and are consistent when added to an
appropriate finite tail of higher-derivative vertices, so that the resulting coupling can be called
quasi-minimal, like for the gravitational interactions of totally symmetric fields [15].
A remark on the nonabelianization in AdSd : We have listed above all the possible
couplings between the three types of fields {[2, 1], [1, 1](1) , [1, 1](2)} and have seen that, in flat
spacetime, there is no nonabelian coupling among them. The remarkable fact is that these
couplings, when embedded in AdSd , become related to each other and contribute to give the
nonabelian interactions we presented here in various forms. Contrary to the totally symmetric
case studied in [15], in the flat limit, the Stu¨ckelberg action can give only abelian interactions.
The reason is that the gauge transformations for the Stu¨ckelberg companion of the hook field
has got a term, in AdSd , that vanishes in the flat limit, being proportional to the cosmological
constant; see e.g. Eqs (3.11)–(3.14). Now, in the case of mixed-symmetry fields in AdSd in
the Stu¨ckelberg formulation, it is no longer true that the linearized gauge transformations can
7See e.g. the Lie program at http://www-math.univ-poitiers.fr/∼maavl/LiE/form.html.
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be viewed as an AdS covariantization of the flat space transformations. We believe that it
is responsible for that fact that, for mixed-symmetry fields in the Stu¨ckelberg formulation, as
opposed to the case of totally-symmetric gauge fields, there is the possibility of scaling away the
nonabelian nature of a vertex while at the same time retaining a top vertex.
6 Conclusions
In this paper we have obtained nonabelian gravitational interactions for a simple mixed-
symmetry gauge field in AdSd using various techniques that agree with each other upon partial
gauge fixing and trivial field-redefinitions. In the Stu¨ckelberg formulation, the flat limit is
smooth also for the cubic action, which strengthens the proposal of [57]. This is not surprising,
since the cubic vertices can smoothly be switched on and off by turning the coupling constant,
so the fact that the quadratic action allows for a smooth flat limit implies the same for the cubic
action.
Starting right away in flat space and dressing the list of all possible cubic couplings, we
indeed recuperated the highest-derivative vertices of the AdSd action and found that all the flat
spacetime vertices give rise to abelian gauge algebras — although the gauge transformations
may be linear in the gauge fields, which appear then only through the linearized curvature like
for the Bel–Robinson or Chaplin–Manton vertices. This means that taking the flat limit of a
nonabelian action for mixed-symmetry fields in AdSd trivializes the gauge algebra, in sharp
contrast to what happens for totally symmetric gauge fields in AdSd . This is another instance
where mixed-symmetry gauge fields in AdSd differ from their totally symmetric cousins.
This is in accordance with the fact that mixed-symmetry gauge fields in AdSd have only
one genuine differential gauge parameter and not several like in flat space, which makes the
nonabelian coupling problem less constrained. Generically, we expect that with one genuine
gauge parameter in the game, one can have nonabelian interactions, like for totally symmetric
fields both in flat space and AdSd and for the simple mixed-symmetry field in AdSd studied
here. However, when one has to deal with more than one gauge symmetry, the problem becomes
too restrictive and only abelian vertices can emerge, like for mixed-symmetry fields in flat space.
It would be interesting to make contact with the appearance of mixed-symmetry fields within
string theory through the work [16, 80], where their relevance was exhibited, respectively, via
vertex operators in exotic pictures and deconstruction of tensionful string amplitudes around
flat background. Very recently, an interesting connection between string vertex operators and
higher-spin theory in AdSd background was made in [81]. It would be very promising to use
this setting in order to understand better mixed-symmetry fields in AdSd within string theory.
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A Metric-like formalism for the simplest hook gauge field
In order to make connection with the metric formulation, let us study the Lagrangian describing
the simplest hook gauge field around AdSd background, namely the gauge field of Young-
symmetry type [2, 1], from a slightly different perspective with respect to what is done in [57]. In
particular, we will insist on the role played by gauge-invariant quantities which is more parallel
to the frame-like formalism adopted in this paper. We adopt here the manifestly symmetric
convention for Young tableaux.
In base-manifold component notation, the gauge transformations for the dynamical field
Φµ1µ2,ν and the Stu¨ckelberg field χµ1µ2 read
δΦµ1µ2,ν = 3Y
(2,1)
GL(d)
[Dµ1Aµ2,ν +DνSµ1µ2 + λ gµ1µ2 ξν ] , (A.1)
δχµ1µ2 = 2D(µ1ξµ2) + 2λSµ1µ2 , (A.2)
where Y
(2,1)
GL(d) denotes the projector on the Young tableau (µ1µ2, ν) of GL(d,R) . Next we
construct the so-called curvatures, the basic objects that are invariant under these gauge trans-
formations. They are
Kµ1µ2,ν1ν2,ρ = Y
(2,2,1)
GL(d)
[
DρDν2Φµ1µ2,ν1 − λ2 gν2ρ Φµ1µ2,ν1 − 3λ gµ1µ2 Dρχν1ν2
]
(A.3)
Kµ1µ2,ν1ν2 = Y
(2,2)
GL(d)
[
Dν2Dν1χµ1µ2 −
2
3
λDν2Φµ1µ2,ν1
]
. (A.4)
From these curvatures we build the Einstein-like invariant tensors
Gµ1µ2,ν = 8K
ρ
µ1µ2,νρ,
+ 12Y
(2,1)
GL(d)
[
gµ1µ2K
ρ σ
νρ, σ,
]
= ✷Φµ1µ2,ν + . . . , (A.5)
Gµ1µ2 = 3
[
K νµ1µ2,ν −
1
2
gµ1µ2 K
ν σ
ν ,σ
]
= ✷χµ1µ2 + . . . (A.6)
where ✷ is the covariant D’Alembertian.
These Einstein-like tensors can be seen to obey the following identities
∇νGµ1µ2,ν − 2λ(d− 3)Gµ1µ2 ≡ 0 , (A.7)
∇νGνµ,ρ −∇νGνρ,µ ≡ 0 , (A.8)
gµ1µ2Gµ1µ2,ν −
2
λ
(d− 3)∇µ1Gµ1ν ≡ 0 . (A.9)
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It is then natural to propose the following action S[Φ, χ] (see also [57]):
S[Φ, χ] =
1
2
∫ √−g [Φµ1µ2,ν Gµ1µ2,ν + 3(d − 3)χµ1µ2 Gµ1µ2 ] ddx (A.10)
which is invariant under the enhanced so(d− 1, 2) gauge transformations (A.1), (A.2) by virtue of
the invariance of the Einstein-like tensors and the identities (A.7), (A.8), (A.9) which are nothing
but the No¨ther identities corresponding to the parameters Sµ1µ2 , Aµ,ν and ξµ, respectively.
Although the Einstein-like tensors Gµ1µ2,ν and Gµ1µ2 contain both fields Φ and χ, it can be
seen that the Euler-Lagrange equations for the corresponding fields simply are, as expected,
0 =
1√−g
δS[Φ, χ]
δΦµ1µ2,ν
≡ Gµ1µ2,ν , (A.11)
0 =
1√−g
δS[Φ, χ]
δχµ1µ2
≡ 3(d− 3)Gµ1µ2 . (A.12)
By taking traces of the latter field equations and inserting the results back in the corresponding
equations, one can express the latter as the following zero-Ricci-like equations:
K ρµ1µ2,νρ, = 0 , K
ν
µ1µ2,ν
= 0 . (A.13)
As explained in [57], provided the cosmological constant is non-vanishing, the field χ is a
Stu¨ckelberg field that can be gauge-fixed to zero inside the action. Then, the remaining field
is Φ, invariant under the gauge transformation (A.1) where only the antisymmetric parameter
Aµν is nonzero. The field equation for the gauge-fixed action therefore is equivalent to
0 = Fµ1µ2,ν ≡ 8K ρµ1µ2,νρ, |χ=0 . (A.14)
We may use the residual gauge symmetry (under the gauge transformation (A.1) where only
the antisymmetric parameter Aµ,ν is nonzero) in order to simplify the field equation (A.14).
Introducing the quantity
Dµ,ν = D
ρΦρ[µ,ν] +D[µΦ
ρ
ν]ρ, (A.15)
it is easy to see that it transforms like
δADµ,ν = 2
[
✷− (d− 2)λ2]Aµ,ν . (A.16)
The equation δADµ,ν = 0 is the differential equation obtained by Metsaev for a gauge parameter
Aµ,ν in AdSd [82,83]. Indeed, from the latter work, we know that the differential constraint on
the gauge parameter |λk〉 is[
✷− λ2(h(k)k − k + 1)(h
(k)
k − k + d) + λ2
ν∑
l=1
h
(k)
l
]
|λk〉 = 0 (A.17)
where k indicates, for the Young diagram associated with the gauge field, the maximal number
of upper rows which have the same length and h
(k)
l (l = 1, . . . , ν) are the lengths of the rows
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corresponding to the Young diagram associated with the gauge parameter |λk〉 . The index ν is
the integer part of (d − 2)/2. In the present case, we have k = 1 since the upper block for the
gauge field has height one. The Young diagram of the gauge parameter is obtained from the
Young diagram of the gauge field by removing one box at the end of the last row of the upper
block. We indeed get an antisymmetric, rank-2 parameter, i.e. h11 = 1 = h
1
2 , h
1
l = 0 ∀ l > 2 and
the equation (A.17) indeed reproduces δADµ,ν = 0, c.f. (A.16).
The field equation on the gauge field |Φ〉 is, from [82,83],[
✷− λ2(hk − k − 1)(hk − k − 2 + d) + λ2
ν∑
l=1
hl
]
|Φ〉 = 0 (A.18)
where hl (l = 1, . . . , ν) denote the lengths of the rows corresponding to the gauge field |Φ〉 . For
the example at hand, the only nonvanishing entries are h1 = 2 and h2 = 1 with k = 1, as we
explained before. Therefore (A.18) gives the equation
[
✷+ 3λ2
] |Φ〉 = 0 . (A.19)
This equation can be obtained from (A.14) upon gauge fixing: Indeed, after imposing the
gauge-fixing condition Dµ,ν = 0 we are still allowed to further fix the gauge, provided the gauge
parameter satisfies δADµ,ν = 0 . With such a gauge parameter, one can set the trace of |Φ〉 to
zero, since δAΦ
µ
µ ,ν = 4DµAµν . Then, at that stage, further gauge transformations could be
performed, with a gauge parameter still obeying δADµ,ν = 0 and further satisfying D
µAµ,ν = 0.
Finally, in the gauge where χµ1µ2 is vanishing and where λ 6= 0 , the divergence of the field
equation gives us the following constraint:
0 = DµGµν,ρ|χ=0 = (3− d)λ2
(
DµΦνρ,µ +D(νΦ
′
ρ) + gνρD
µΦ
′
µ
)
, Φ
′
µ = Φ
µ
µ ,ν , (A.20)
which allows us to set the symmetrized divergence DρΦρ(µ,ν) = −12 DρΦµν,ρ to zero in the gauge
where Φ
′
µ is zero. Therefore, in the gauge Dµ,ν = 0 , Φ
′
µ = 0 , the field is traceless and totally
divergenceless.
Summarizing, the equations obtained at that point are
DρΦρµ,ν = 0 , Φ
′
µ = 0 , D
µAµ,ν = 0 ,(
✷+ 3λ2
) |Φ〉 = 0 , [✷− (d− 2)λ2]Aµ,ν = 0 ,
which, as shown in [82,83], correctly define the unitary irreducible representation of so(d− 1, 2)
associated with the Young diagram (2, 1) . We thus showed that the action (A.10), with λ 6= 0,
correctly describes a massless (2, 1) field propagating in so(d− 1, 2) and corresponding to a
unitary irreducible representation of the latter isometry algebra.
Taking the flat limit λ→ 0 in (A.10), we find that the resulting action indeed describes two
massless irreducible field giving o(d− 2) degrees of freedom (2, 1) ⊕ (2, 0).
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